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Abstract
A (p,q) graph G(V,E) is said to be a square graceful graph if there exists an injection
f:V(G) >{0123,..., g2} such that the induced mapping f,r E(G) — {L4, 9,..,9°}
defined by f (uv)=| f(u)— f(v)| isa bijection. The function f is called a square labeling of G .
bistar B

In this paper, we prove that the star K the graph obtained by the subdivision of

1n? mn?

the edges of the star K, , , the graph obtained by the subdivision of the central edge of the bistar
B, the generalised crown C,0K, , graph P OnK, (n>2), the comb P ®OK,, graph
(P.,S,). (3t) kite graph (t>2) and the path P, are square graceful graphs.
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1 Introduction

Throughout this paper, by a graph we mean a finite, undirected, simple graph G(V,E) with p
vertices and g edges. A detailed survey of graph labeling can be found in [2]. There are different

types of graceful labelings like odd graceful labeling, even graceful labeling and skolem - graceful
labeling to various classes of graphs. In this paper, we introduce a new graceful labeling called square
graceful labeling. We use the following definitions in the subsequent section.

Definition 1.1. A (p,q) graph G(V,E) s said to be a square graceful graph if there exists an
injection f:V(G)—>{01,2,3...q?} such that the induced mapping f, :E(G) - {1, 4,9, .., q’}

defined by f (uv) =| f(u)- f(v)| isa bijection. The function f iscalled a square labeling of G .
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Definition 1.2.[5] The corona G,®G, of two graphs G; and G; is defined as the graph G obtained by

taking one copy of G;(which has p vertices) and p copies of G, and then joining the i"" vertex of G, to
every vertex in the i copy of G,.

Definition 1.3. [5] A complete biparitite graph K, | is called a star and it has n+1 vertices and n

edges.
Definition 1.4. [5] The bistar graph B, , is the graph obtained from a copy of star K, and a copy of

star K, , by joining the vertices of maximum degree by an edge.

Definition 1.5. [3] The graph (P,,,S,) is obtained from m copies of the star graph S, and the path
P, :{u;,u,,..,u, } by joining u; with the center of the j™ copy of S, by means of an edge, for
1<j<m.

Definition 1.6. [1] A subdivision of a graph G is a graph that can be obtained from G by a sequence

of edge subdivisions.
Definition 1.7. [4] An (n,t)-kite graph ,consists of a cycle of length n with a t-edge path (the tail)

attached to one vertex.

In this paper, we prove that the star K, , bistar B the graph obtained by the subdivision of

m,n !
the edges of the star K, , the graph obtained by the subdivision of the central edge of the bistar
B..n. the generalised crown C,0K, , graph P,6nK, (n>2), the comb P6K,, graph (P,,S,),

(3,t) kite graph(t>2) and the path P, are square graceful graphs.
2 Main Results

Theorem 2.1. The star K, is square graceful for all n.

Proof: Let V(K,,)={u;/1<i<n+1}. Let E(K,,)={u,,u;/1<i<n}.Define an injection

n+l i

f:V(Ky,)—{0123,..,n°} by f(u)=i*if 1<i<n andf(u,,)=0. Then f induces a

n+l

bijection f_:E(K,,)—>{L49,..n°}.

Example 2.2. A square graceful labeling of star Ky, is shown in Figure 1.
1

144 . 4
121 ?
0
100 & e IO
81 25
64 . 36

45

Figure 1: A square graceful labeling of star Kj j,.
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Theorem 2.3. The graph obtained by the subdivision of the edges of the star K,, is a square graceful
graph.

Proof: Let G be the graph obtained by the subdivision of the edges of the star K;, Let
V(G)={v,u;,w;/1<i<n} and E(G)={vw;,wu;, /1<i<n}. Define an injection
f:V(G)—>{0123,..,4n°} by f(w,)=(2n+1-i)*for1<i<n, f(u;)=n(@n+2-2i) for 1<i<n,
f(v)=0. Then, f induces a bijection f, :E(G) —{1,4,9,...,4n*} and hence the subdivision of the

edges of the star K, is a square graceful graph. ]

Example 2.4. A square graceful labeling of the graph obtained by the subdivision of the edges of the
star Ky 5 is shown in Figure 2.

100 75

81 65
64

0 55
49

45

35
36

Figure 2: A square graceful labeling of the graph obtained by the subdivision of the edges of
the star Ky 5

Theorem 2.5. Every bistar B, , is a square graceful graph.

Proof: Let B,, be the bistar graph with m+n+2 vertices. Let V(B,,)=
{uj, vi/1<ism+l,1< j<n+1}and E(B,,)={U; Uy, V Vo UpyVo [ 1<i<m 1< j<n}.
Case (i): m>n.

Define an injection f:V(B,,)—>{0123,..,(m+n+1)°} by

fu)=m+n+2-i)®if 1<i<m; f(u,,)=0;

fvj)=(n+2-j)>+1 if 1<j<n; f(v,,)=1.

Case (ii): m<n .

Define an injection f:V (B, ,)—>{0123,..,(m+n+1)?} by

fu)=m+2-i)*if 1<i<m; f(u,.,)=1,

f(vj)=(m+n+2-j)>+1if 1<j<n; f(v,,)=0.

Case (iii): m=n.

Define an injection f:V(B,,)—>{0,123,..,(2n+1)°} by

fU,)=0; f(u)=@n+2-i)*if 1<i<n;

f(v)=(n+2-j)* +1 if 1<j<n; f(v,,)=1.
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In all the above three cases, f induces a bijection f :E(B, ;) —>{14,9,...,(m+n +1)%}.

Theorem 2.6. The graph obtained by the subdivision of the central edge of the bistar B, , isa
square graph.
Proof: Let G be the graph obtained by the subdivision of the central edge of the bistar B, , .

Let V(G)={w,u; ,v;/1<i<m+1 1< j<n+1}. Then E(G) ={uUy.,, V;V WU, g, WV

iom+lr V) Yn4ls

!
1<i<m,1<j<n}.

Case (i): m>n.

Define an injection f :V(G) »>{01,2,3,...,(m+n+2)°} by

fU,)=M+n+2)° f(v,.,)=(m+n+1)?> ; f(w)=0;

fu)=@m+2n+3-i)L-i) if 1<i<m; f(v;)=2m+2n+2-j)j if m+1l<j<m+n.
Case (ii): m<n.

Define an injection f :V(G) »>{01,2,3,...,(m+n+2)°} by

fU,,)=Mm+n+1)* ;f(v,,)=(M+n+2)°* ;f(w)=0;

fu)=2@m+2n+2-0)i if n+1<i<m+n; f(v;)=@m+2n+3- )2+ ]) if 1<j<m.
Case (iii): m=n.

Define an injection f :V(G) »>{0123....,(2n+2)?} by

fu,)=0@n+2)?° ;f(v,)=02n+1)*; f(w)=0 ;

fu)=2(4n+3-2i)i if 1<i<n;

f(v;)=(4n+3-2j)(2j-1) if 1< j<n.

In all the above three cases, f induces a bijection f :E(G) —>{L4,9,.,(m+n+ 2)%}.
Example 2.7. A square graceful labeling of bistar By, is shown in Figure 3.
36
51 72

100 81
64 e 77

TS

80

84

Figure 3: A square graceful labeling of By ;.

Theorem 2.8. The generalised crown C,0K, , is a square graceful graph.
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Proof: Let {v;,v,,v;,u; ,U; ,...,u; }be the vertices of C,0K, . Here {v;,v,,v,} are the vertices of

-
C; and Ui ,Uj .o U are the vertices of the i copy of Kin adjacent to v; for i=1,2,3 and the
size of the graphis q=3n+3.

Define an injection f:V(C,0K,,)—>{0,123,..,(3n+3)’} by

f(v)=0;f(v,)=25; f(v;)=16; f(uij)=(3n+4—j)2 if 1<j<n;

fu,)=@n+4-j)* +25 if 1<j<n; f(u;)=(n+4-j)° +16 if 1<j<n-2; f(uy  )=20
and f(us,)=17. Then f induces a bijection f : E(C3®K1’n)—>{1,4,9,....,(3n+3)2} and hence the

generalised crown C,0K,  is a square graceful graph. ]
Example 2.9. A square graceful labeling of C,0K, , is shown in Figure 4.

163
136

144 225

17

146

125 20

52
106

39 65

Figure 4: A square graceful labeling of C,0K, ,

Theorem 2.10. The graph P,®nK, (n>2) isa square graceful graph.
Proof: Let {u,,u,,......,u, }be the vertices of path p, and {vlj Vo, e Vi, } be the i" copy of the null
graph nK,.Then {vlj Vo, e Vi, } are the n pendent vertices adjacent to the vertex u; of P, for

1<j<m.

Define an injection f :V(P,OnK,) -»{0,123,...,(mn+m-1)*} by

f(uj)zwijSm;

f(Vij):(q—(i—l)m—j+1)2+w if 1<i<n 1<j<m.
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Then, f induces a bijection f :E(P,©nK,) —>{14,9,...,(mn+m-1)*}. Hence, P.®nK, (n>2) is
a square graceful graph. [

Example 2.11. A square graceful labeling of P,®4K, is shown in Figure 5.

A
L5
o]
(5]
| ]
L

1

-1

0 65 455 270 135 50

576 361 1% 81 489 294 149 54 430 255 130 55
Figure 5: A square graceful labeling of P,04K,.

Corollary 2.12. The comb P,OK; is a square graceful graph.

Proof: Let P ,OK, be the comb graph with 2n vertices. Let V(P,0K,)={u, ,v, :1<i<n} and
E(RP,0OK,)={uu;, :1<i<n-1;uyv, :1<i<n}.
Define an injection f :V(P,6K,) —»{0.123,....,(2n-1)°} by

f(ui)=ww1£i£n;

f(vi):qu—nl)z if 1<i<n.

Then f induces a bijection f :E(P,0K,) —{1,49,....,(2n—-1)*} . Hence, the comb P,OK, is a square
graceful graph. =

Example 2.13. A square graceful labeling of P,OK, is shown in Figure 6.

Lh

0 1 5 14 30 5 91

165 143 126 114 111 119 140

Figure 6: A square graceful labeling of P,®K,.
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Theorem 2.14. The graph (P, ,S,,) is a square graceful graph.
Proof: Let {u,U,,......,u, } bethe vertices of path P, and {v, ,v; .V, ...V, } bethe vertices of i

copy P, for 1< j<n.

Then E((P,,S,,)) = Uj Vo, if 1<i<n
Vo, Vi if 1<i<m,1<j<n
Define an injection f:V((P,,S,)) ={012,3,....,(mn+2n-1)°} by

f(ui):w”mism
(f(Voj):(q—j+l)2+w if 1<j<n;

f(vij):(2q—ni—2j+2)(ni)+w if 1<i<m, 1<j<n.

Then, f induces a bijection f,:E(P,,S,)—>{14,9,...,(mn+2n ~1)?} and hence (P,,S,,) is square

graceful. [

Example 2.15. A square graceful labeling of (P;,S;) is shown in Figure 7.

206 31 g6 199 334 419

0 30
430
215 380 495 200 345 440 205 330 405
Figure 7: A square graceful labeling of (P;,S,).
Theorem 2.16. (3,t) kite graph is square graceful for t>2.
Proof: Let {v,,V,,V;} be the three vertices of a cycle C; and {u,,u,,......,u, } be the t vertices of

the tail with v, adjacent to u,. Therefore, the size of G is g =3+t . We prove the theorem in two cases.
Case (i): t=2.
Define a bijection f :V(G) —>{01,2,3....,(3+t)?} as follows.
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f(v)=0, f(v,)=16,f(v;)=25,f(u)=4 and f(u,)=3.
Case (ii): t>2.

Define a bijection f :V(G) —>{01,2,3....,(3+t)?} as follows.

j=1

q-5

fu)=Y (-1 [q- j+1-5; f(v)=0, f(v,)=16, f(v;)=25.

=L

In both the cases f induces a bijection f :E(G) —>{L14,.9,....., (3+1)°} and hence (3,t) kite graph is

square graceful for t>2. ]

Example 2.17. A square graceful labeling of (3,3) kite is shown in Figure 8.

[S=]
L

|

156

Figure 8: A square graceful labeling of (3,3) kite.

Theorem 2.18. Every path P, is a square graceful graph.

Proof: Let P, be a path graph with n vertices {u,,u,,...,u, }. Let E(P,)={uu;,; /1<i<n-1}.

f(u)=0 and f(Ui+1)=Z(—1)M (hn—j)* for 1<i<n-1. Then f induces a bijection
j=1

f, E(P,) > {149,...., (n—1)°}. Hence, every path P, is a square graceful graph. [
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