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Abstract 

A  ),( qp  graph ),( EVG   is said to be a square graceful graph if there exists  an injection 

},...,3,2,1,0{)(: 2qGVf →  such that the induced  mapping   :pf  )(GE  →  }...,,9,4,1{ 2q  

defined by |)()(|)( vfufuvf p −=  is a bijection. The function f   is called a square labeling of G . 

In this paper, we prove  that the star  nK ,1 , bistar  nmB , ,  the graph obtained by the subdivision of 

the edges of the star nK ,1  ,  the graph  obtained  by the subdivision of the central edge of the  bistar 

nmB , , the generalised  crown   nKC ,13Θ ,  graph  1nKPmΘ  )2( ≥n , the comb 1KPnΘ , graph 

),( nm SP , ),3( t  kite graph )2( ≥t  and the path  nP  are  square graceful  graphs. 
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1    Introduction 

Throughout this paper, by a graph we mean a finite, undirected, simple graph ),( EVG  with  p   

vertices and q  edges.  A detailed survey of graph labeling can be found in [2]. There are different 

types of graceful labelings like odd graceful labeling, even graceful labeling and skolem - graceful 
labeling to various classes of graphs. In this paper, we introduce a new graceful labeling called square 
graceful labeling. We use the following definitions in the subsequent section. 

Definition 1.1. A  ),( qp  graph ),( EVG   is said to be a square graceful graph if there exists an 

injection },...3,2,1,0{)(: 2qGVf →  such that the induced mapping )(: GEf p → ,9,4,1{ }.., 2q   

defined  by |)()(|)( vfufuvf p −=  is a bijection. The function f   is called  a  square labeling of  G . 
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Definition 1.2.[5]  The corona  21 GG Θ  of two graphs G1 and  G2 is defined as the graph G obtained by 

taking one copy of G1(which has  p vertices) and  p copies of G2 and then joining the ith vertex of G1 to 
every vertex in the ith copy of G2. 

Definition  1.3. [5] A complete biparitite graph  nK ,1  is called a star and it has n+1 vertices  and n  

edges. 
Definition  1.4. [5] The bistar graph nmB ,  is the graph obtained from a copy of star mK ,1  and a copy of 

star nK ,1  by joining the vertices of maximum degree by an edge. 

Definition  1.5. [3] The graph ),( nm SP  is obtained from m copies of the star graph Sn  and the path  

},...,,{: 21 mm uuuP  by joining  uj with the center of the jth  copy of  Sn by  means of an edge, for  

mj ≤≤1 . 

Definition  1.6. [1] A subdivision of a graph G is a graph that can be obtained from G  by a sequence 
of edge subdivisions. 
Definition  1.7. [4]  An ),( tn -kite graph ,consists of a cycle of  length  n  with  a  t-edge  path (the tail)  

attached  to one vertex.  

In this paper, we prove  that the star  nK ,1 , bistar  nmB , ,  the graph obtained by the subdivision of 

the edges of the star nK ,1  ,  the graph  obtained  by the subdivision of the central edge of the  bistar 

nmB , , the generalised  crown   nKC ,13Θ ,  graph  1nKPmΘ  )2( ≥n , the comb 1KPnΘ , graph ),( nm SP , 

),3( t  kite graph )2( ≥t  and the path  nP  are  square graceful  graphs. 

2    Main Results 

Theorem 2.1.  The  star  nK ,1   is  square graceful  for all n.  

Proof: Let }11/{)( ,1 +≤≤= niuKV in . Let }1/{)( 1,1 niuuKE inn ≤≤= + .Define an injection 

},...,3,2,1,0{)(: 2
,1 nKVf n →  by niifiuf i ≤≤= 1)( 2   and 0)( 1 =+nuf . Then f  induces a 

bijection },...,9,4,1{)(: 2
,1 nKEf np → . 

Example 2.2. A square graceful labeling of star  K1,12  is shown in  Figure 1. 
 
 
 
 
 
 
                                                        
 

 
Figure 1: A square graceful labeling of star  K1,12.    
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Theorem 2.3. The graph obtained by the subdivision of the edges of the star  K1,n  is a square graceful 
graph. 

Proof: Let G  be the graph obtained by the subdivision of the edges of the star K1,n. Let 

}1/,,{)( niwuvGV ii ≤≤=  and }1/,{)( niuwwvGE iii ≤≤= . Define an injection  

}4,...,3,2,1,0{)(: 2nGVf →  by niinwf i ≤≤−+= 1for)12()( 2 , )223()( innuf i −+= for ni ≤≤1 , 

0)( =vf . Then,  f  induces a bijection }4,...,9,4,1{)(: 2nGEf p →  and hence the subdivision of the 

edges of the star  K1,n  is a square graceful graph.            ■ 

Example 2.4. A square graceful labeling of the graph obtained by the subdivision of the edges of the 
star K1,5  is shown in  Figure 2. 
 
 
 
 
 
 
 

Figure 2: A square graceful labeling of the graph obtained by the subdivision of the edges of 
 the star K1,5 

 

Theorem 2.5. Every bistar  nmB ,   is a square graceful graph. 

Proof: Let nmB ,  be the bistar graph with 2++ nm vertices. Let =)( ,nmBV  

}11,11/,{ +≤≤+≤≤ njmivu ji and }1,1/,,{)( 1111, njmivuvvuuBE nmnjminm ≤≤≤≤= ++++ . 

Case (i): nm > . 

Define an injection  })1(,...,3,2,1,0{)(: 2
, ++→ nmBVf nm   by   

miinmuf i ≤≤−++= 1if)2()( 2 ; 0)( 1 =+muf ; 

njjnvf j ≤≤+−+= 1if1)2()( 2 ; 1)( 1 =+nvf .  

Case (ii): nm <  . 

Define an injection  })1(,...,3,2,1,0{)(: 2
, ++→ nmBVf nm   by   

miifimuf i ≤≤−+= 1)2()( 2 ; 1)( 1 =+muf , 

njifjnmvf j ≤≤+−++= 11)2()( 2 ; 0)( 1 =+nvf . 

Case (iii): nm = . 

Define an injection })12(,...,3,2,1,0{)(: 2
, +→ nBVf nn by  

0)( 1 =+nuf  ;  niifinuf i ≤≤−+= 1)22()( 2  ; 

njifjnvf j ≤≤+−+= 11)2()( 2 ; 1)( 1 =+nvf . 



T. Tharmaraj and P.B. Sarasija 132 

In all the above three cases, f  induces a bijection  }.)1(,....,9,4,1{)(: 2
. ++→ nmBEf nmp        ■ 

Theorem 2.6. The graph  obtained  by the subdivision of the central edge of the  bistar  nmB ,   is a 

 square graph. 
Proof: Let G be the graph obtained by the subdivision of the central edge of the bistar nmB ,  . 

Let }11,11/,,{)( +≤≤+≤≤= njmivuwGV ji . Then  E(G) ={ ,, 11 ++ njmi vvuu  /, 11 ++ nm wvwu  

}1,1 njmi ≤≤≤≤ . 

Case (i): nm > . 

Define an injection })2(,...,3,2,1,0{)(: 2++→ nmGVf  by  
2

1 )2()( ++=+ nmuf m , 2
1 )1()( ++=+ nmvf n ; 0)( =wf ; 

miiinmuf i ≤≤−−++= 1if)1)(322()( ; nmjmjjnmvf j +≤≤+−++= 1if)222()( . 

Case (ii): nm < . 

Define an injection })2(,...,3,2,1,0{)(: 2++→ nmGVf  by  
2

1 )1()( ++=+ nmuf m ; 2
1 )2()( ++=+ nmvf n ; 0)( =wf ;  

nminiinmuf i +≤≤+−++= 1if)222()( ; mjjjnmvf j ≤≤+−++= 1if)2)(322()( . 

Case (iii): nm = . 

Define an injection })22(,...,3,2,1,0{)(: 2+→ nGVf    by         
2

1 )22()( +=+ nuf n ; 2
1 )12()( +=+ nvf n  ;  0)( =wf ; 

niifiinuf i ≤≤−+= 1)234(2)( ; 

njifjjnvf j ≤≤−−+= 1)12)(234()( . 

In all the above three cases,  f  induces a bijection }.)2(,...,9,4,1{)(: 2++→ nmGEf p         ■ 

Example 2.7. A square graceful labeling of  bistar  3,5B   is shown in Figure 3. 

 
 
 
 
                                                          
 

 

 
 

Figure 3: A square graceful labeling of 3,5B . 

 

Theorem 2.8. The generalised crown nKC ,13Θ  is a square graceful graph. 
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Proof: Let },....,,,,,{
21321 niii uuuvvv be the vertices of  .,13 nKC Θ Here },,{ 321 vvv  are the vertices of 

C3  and   
niii uuu ,....,,

21
  are the  vertices of  the ith   copy of nK ,1  adjacent to vi  for 3,2,1=i  and  the 

size of  the graph is 33 += nq . 

 Define an injection })33(,...,3,2,1,0{)(: 2
,13 +→Θ nKCVf n  by   

0)( 1 =vf ; 25)( 2 =vf  ;  16)( 3 =vf ; njifjnuf
ji ≤≤−+= 1)43()( 2 ;  

njjnuf
j

≤≤+−+= 1if25)42()( 2
2 ; 21if16)4()( 2

3 −≤≤+−+= njjnuf
j

; 20)(
)1(3 =

−n
uf  

and .17)( )3 =
n

uf  Then   f  induces a bijection  })33(,....,9,4,1{)(: 2
,13 +→Θ nKCEf np  and hence the 

generalised crown nKC ,13Θ  is a  square graceful graph.               ■ 
 

Example 2.9. A square graceful labeling of 4,13 KC Θ is shown in Figure 4. 

 
 
 
 
                                                           
                                                      
                                                  
 
                                                       

 
 
 
 

 
Figure 4: A square graceful labeling of 4,13 KC Θ  

 
Theorem 2.10. The graph 1nKPmΘ )2( ≥n   is a square graceful graph. 

Proof: Let },......,,{ 21 muuu be the vertices of path mp   and {
jjj nvvv ,....,, 21 } be the ith copy of the null 

graph .1nK Then {
jjj nvvv ,....,, 21 } are the n  pendent vertices adjacent to the vertex uj  of mP    for  

mj ≤≤1 .  

 Define an injection })1(,...,3,2,1,0{)(: 2
1 −+→Θ mmnnKPVf m  by  

  ( )( ) mjjjjuf j ≤≤
−−

= 1if
6

121)( ;  

( )( ) mjnijjjjmiqvf
ji ≤≤≤≤

−−
++−−−= 1,1  if

6
121)1)1(()( 2 . 
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Then,  f  induces a bijection  })1(,...,9,4,1{)(: 2
1 −+→Θ mmnnKPEf mp . Hence, 1nKPmΘ )2( ≥n   is 

a square graceful graph.               ■ 

Example 2.11. A square graceful labeling of  15 4KP Θ  is shown in Figure 5. 

 
 
 
 
 
                                                              
 
 
 
 
 

Figure 5: A square graceful labeling of  .4 15 KPΘ  
 

Corollary 2.12. The comb 1KPnΘ is a square graceful graph. 

Proof: Let  1KPnΘ  be the comb graph with 2n vertices. Let  }1:,{)( 1 nivuKPV iin ≤≤=Θ  and 

}1:;11:{)( 11 nivuniuuKPE iiiin ≤≤−≤≤=Θ + .  

Define an injection })12(,....,3,2,1,0{)(: 2
1 −→Θ nKPVf n by 

( )( ) niiiiuf i ≤≤
−−

= 1if
6

121)( ;  

 ( )( ) niiqiiivf i ≤≤+−+
−−

= 1if)1(
6

121)( 2 .  

Then  f  induces a bijection })12(,....,9,4,1{)(: 2
1 −→Θ nKPEf np . Hence, the comb 1KPnΘ is a square 

graceful graph.       ■ 

Example 2.13. A square graceful labeling of 17 KP Θ is shown in Figure 6. 

 
 
 
 
 
 

 
 

 
Figure 6: A square graceful labeling of .17 KP Θ  
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Theorem 2.14. The graph ),( mn SP  is a square graceful graph. 

Proof:   Let },......,,{ 21 nuuu  be the vertices of path Pn   and },....,,,{ 21 jjjj mo vvvv  be the vertices of jth  

copy Pm  for nj ≤≤1 . 

Then 










≤≤≤≤

≤≤
−≤≤

=
+

njmiifvv

niifvu
niifuu

SPE

jj

i

io

i

ii

mn

1,1

1
11

)),(( 0

1

 

Define an injection  f : V( ),( mn SP ) })12(,....,3,2,1,0{ 2−+→ nmn by 

( )( ) niifiiiuf i ≤≤
−−

= 1
6

121)( ; 

( ( )( ) njjjjjqvf
j

≤≤
−−

++−= 1  if
6

121)1()( 2
0 ; 

( )( ) njmijjjnijniqvf
ji ≤≤≤≤

−−
++−−= 1,1if

6
121))(222()( . 

Then,  f  induces a bijection  })12(,....,9,4,1{),(: 2−+→ nmnSPEf mnp  and hence  ),( mn SP  is square 

graceful.                 ■ 

Example 2.15. A square graceful labeling of  ),( 35 SP  is shown in Figure 7. 

 
 
 
 
 
 
                                                                
 

 
 
 
 

 

 

Figure 7: A square graceful labeling of  ),( 35 SP . 

Theorem 2.16. ),3( t  kite graph is  square graceful for  2≥t . 

 Proof: Let },,{ 321 vvv  be the three vertices of a cycle C3 and },......,,{ 21 tuuu  be the  t  vertices of 

the tail with v1 adjacent to u1. Therefore, the size of G is tq += 3 . We prove the theorem in two cases. 

Case (i): 2=t . 

Define a bijection })3(,...,3,2,1,0{)(: 2tGVf +→  as follows. 
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0)( 1 =vf   , 16)( 2 =vf , 25)( 3 =vf , 4)( 1 =uf   and 3)( 2 =uf . 

Case (ii):  2>t . 

Define a bijection })3(,...,3,2,1,0{)(: 2tGVf +→  as follows. 

( ) ( ) [ ] 5111 2

1

1 −≤≤+−−=∑
=

+ qiifjquf
i

j

i
i ; 

( ) ( ) [ ] 411 2
5

1

1
1 −+−−=∑

−

=

+
− jquf

q

j

j
t ;  

( ) ( ) [ ] 511 2
5

1

1 −+−−=∑
−

=

+ jquf
q

j

j
t ;  0)( 1 =vf  , 16)( 2 =vf  , 25)( 3 =vf . 

In both the cases  f  induces a bijection  })3(,.....,9,4,1{)(: 2tGEf p +→   and hence ),3( t  kite graph is 

square graceful for  2≥t .              ■ 
 

Example 2.17. A square graceful labeling of  )3,3(  kite is shown in Figure 8. 

 
 
 
 
                                                      

 

 
 

Figure 8: A square graceful labeling of  )3,3(  kite. 
 

Theorem 2.18. Every path  nP   is a square graceful graph. 

Proof: Let nP   be a path graph with n  vertices },....,,{ 21 nuuu . Let }11/{)( 1 −≤≤= + niuuPE iin . 

Define an injection  f : V( })1(,.....,3,2,1,0{)( 2−→ nPn  by  

0)( 1 =uf  and ( ) ( ) 11for 1)( 2

1
1

1

−≤≤−−= ∑
=

+

+

nijnuf
i

j
i

j

. Then f induces a bijection  

})1(,.....,9,4,1{)(: 2−→ nPEf np . Hence, every path  nP   is a square graceful graph.        ■ 

References 

[1] Diari Indriati, On γ -Labeling of (n,t)-Kite Graph, Jurnal Matematika & Sains, Vol.16, 

No.3(2011), 129-132. 

[2] J. A. Gallian, A dynamic survey of graph labeling, The Electronic journal of 
Combinatorics,16(2013), # DS6. 



Square graceful graphs 137 

[3] F. Harary, Graph Theory, Addison-Wesley, Reading, Massachusetts, 1972. 

[4] K. Murugan and A. Subramanian, Labeling of Subdivided Graphs, American J. of Mathematics 
and Sciences, Vol.1, No.1(2012), 143-149. 

[5] Selvam  Avadayappan and R. Vasuki, New Families of Mean Graphs, International  J. Math. 
Combin, Vol.2 (2010), 68-80. 


	Square graceful graphs
	T. Tharmaraj
	P. B. Sarasija
	1    Introduction
	2    Main Results

