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Abstract
For every assignment f: V(G) —> {O, 1,2,..., q}, an induced edge labeling f* : E(G) —

{1, 2,3, ..., q}is defined by

fw+1) (u); "M it () and f(u)are of same parity and by

TW+TM+L erwise for everyedge w e E(G). If f*(E) = {1, 2, 3, ..., q}, then we

say that f is a mean labeling of G. If a graph G admits a mean labeling, then G is called a mean
graph. In this paper, we prove that the graphs C,+vivs (n>4), Co(Py), n>2, To(Cy), n > 2, m>3,
DQm), n>2, TQ(n), n >2 and mC, — snake, m >1, n > 3 are mean graphs..
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1 Introduction

Throughout this paper, by a graph we mean a finite, undirected, simple graph. Let G(V,E) be a
graph with p vertices and g edges. For notations and terminology, we follow [1]. Path on n vertices is
denoted by P, and a cycle on n vertices is denoted by C,. A triangular snake T, is obtained from a
path vy, vy, . . ., V, by joining v; and vi.; to a new vertex u; for 1 <i <n-1, that is, every edge of a path
is replaced by a triangle C3. The graph Te is shown in Figure 1.

Figure 1: Triangular snake Ts.

Let Q(n) be the quadrilateral snake obtained from the path vy, vy, v3, . . ., v, by joining v; and vi., to
new vertices u; and w; . That is, every edge of a path is replaced by a cycle C,. The quadrilateral
snake Q(3) is given in Figure 2.
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Figure 2: Quadrilateral snake Q(3).

The graph C,+vyv; is obtained from the cycle C,: viv, . . . Vv by adding an edge between the
vertices v; and v3. An example for the graph C;+v,vs is shown in Figure 3.

Let T, be the triangular snake obtained from the path P,: viv,. . .v,. Then the double triangular
snake C,(P,) is obtained from T, by adding new vertices wy, Wy, . ...,w,; and edges viw; and w;vi., for 1
<i<n-1. The graph C,(Ps) is given in Figure 4.
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bz
Wz
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Figure 3: C;+vyvs. Figure 4: Double triangular snake C,(Ps).

The balloon of the triangular snake T,(Cy) is the graph obtained from C,, by identifying an end
vertex of the basic path in T, at a vertex of C,,. The balloon graph Ts(Cs) is given in Figure 5.

Figure 5: The balloon of the triangular snake Ts(Cs).

Let Q(n) be the quadrilateral snake obtained from the path vy, v,, v3, . . ., v,. Then the double
quadrilateral snake DQ(n) is obtained from Q(n) by adding new vertices si, Sy, S, - - -, Sn-t; b1, o, 13, ..
., th1 @and new edges v;s;, ti Vi+1, Siti for 1 < i <n-1. The graph DQ(3) is shown in Figure 6.
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Figure 6: Double quadrilateral snake DQ(n).

Let DQ(n) be the double quadrilateral snake obtained from the quadrilateral snake Q(n) by adding
new vertices s; and t;. Then the triple quadrilateral snake TQ(n) is obtained from DQ(n) by adding new
vertices Xy, Xz, X3, « -+, Xn-1; Y, Yoo Y3, - - - Yo @nd new edges vixi, Yivis1, Xiyi for 1 <i <n-1. For
example, the graph TQ(2) is given in Figure 7.

X1 yi X Y2

Vi Vo Vs

S1 t1 So t,
Figure 7: Triple quadrilateral snake TQ(n).
A cyclic snake mC, is the graph obtained from m copies of C, by identifying the vertex Vi), in
the j"™ copy at a vertex v, ,inthe (j+1)™ copy if n = 2k + 1 and identifying the vertex Vipy, in the i

copy ata vertex v, | in the (j+1)™ copy if n = 2k. The cycle snake graph 3Cs is shown in Figure 8.

V1 Vig

Ve Vs V11 Vig  Vie Vis

Figure 8: Cyclic snake graph 3Cs.

A graph labeling is an assignment of integers or a subset of a set to the vertices or edges or both
subject to certain condition(s). If the domain of the mapping is the set of vertices (or edges) then the
labeling is called a vertex labeling (or an edge labeling). A vertex labeling f is called a mean labeling
of G if its induced edge labeling f*:E(G) — {1,2,--,q} defined by
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f(u)2+f(v) if f (u) and f (v) are of same parity

fu) +f(v) +1

2

f *(uv) =

otherwise.

is a bijection. We say that f isamean labeling of G. If a graph G has a mean labeling, then we say that G
is a mean graph.

The concept of mean labeling was first introduced by S. Somasundaram and R. Ponraj [8] in 2003.
The meanness of many standard graphs like P,, C,,, K,(n<3), the ladder, the triangular snake, K;,, Ky 3,
Kon, Ko+mKy, K +2Ky, Su+Ky, CnU Pym>3, n>2), quadrilateral snake, comb, bistars B(n), Bps+1n,
Bn+2n, the carona of a ladder, subdivision of the central edge of B, ., subdivision of the star K, the
friendship graph C5@, the crown C,[J Ky, C,?, the dragon, arbitrary super subdivision of a path are
proved in [8], [9], [10], [11], [2], [3]. In addition, they have proved that the graphs K,(n>3), Ky ,(n>3),
Bunn(M>n+2), S(K1,), n>4, C;¥ (t>2) and the wheel W, are not mean graphs. In [4], the meanness of
the following graphs have been proved: C,xP,; the caterpillar P(n,2,3); Qs XPy,; corona of a H —
graph; mCs; CoUKym (n>3, 1<m<4); mC3 UKy (1<m<4); the dragon P,(C,) and some standard
graphs. In [5], the meanness of the graphs (Pm;Cn), m>1, n>3, (Pn;Qs), m>1, (P2n;Sw), m=>3, n>1,
(Pn;S1), (Pn;S2), n>1 have been proved. The meanness of the following product related graphs (Ps;
C3xKj), GxK, for any mean graph G with p = g+1 and the train graph Px(G,u,v) where G is a mean
graph have been proved in [6]. It is also proved that G*(u,v) is a mean graph where G is a mean graph
with two vertices u and v such that f(u) =0 and f(v) = qin [7].

In this paper, we prove the meanness of the graphs Cp+vivs (n>4), C,(Py), n>2, To(Cp), N > 2, m>3,
DQm), n>2, TQ(n), n >2 and mC, —snake, m >1, n>3.

2 Main Results

Theorem 2.1. C,+vyv; is a mean graph for n > 4.

Proof: Let C, be a cycle with vertices vy, v,, Vs, . . ., vy and edges ey, €, €3, . . ., €, Where ej = ViVi
where ‘+’ is addition modulo n.
Define f : V(C,+ vv;,)>{0, 1 2, ..., n+1}as follows:

Case 1: Whennisodd, n=2m+1, m=2, 3,4, ...

f(vy) =0; f(vy) = 2;

f(vi) = 2i-1, 3<i<m+1; f(Vm+jr1) = N-2j+3, 1 <j <m.
Then the induced edge labels are

f*(e) = 1; f*(e) =2, 2<i<m+l;

f*(em+j+1) = n-2j+2, 1 S] <m-1; f*(ezm+1) =2; f*(V1V3) =3.

Case 2: Whenniseven,n=2m,m=2, 3,4, ...
f(vy) =0; f(vy) = 2;
f(Vi) = 2i-], 3<i<m+tli; f(Vm+j+1) = n'2j+21 1 S] <m-1.
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Then the induced edge labels are
f*(e)) = 1, f*(e) =20, 2<i<my
f*(em+j) = n-2j+3, 1<) <m-1; *(eam) = 2; f*(viv3) = 3.
Clearly, fis a mean labeling of Cp+v;vs.

A mean labelings of the graphs C;+v,v; and C,o+Vvyv3 are shown in Figure 9.

11 11 10

Figure 9: Mean labelings of C;+vyv3 and Cig+vyVs.
Theorem 2.2. C,(P,) is a mean graph for n>2.

Proof: Letvy, Vo, V3, ..., Vq; Ug, Uy, Us, . . ., Upg@nd Wy, Wy, Ws, . . . ., Wy be the vertices of C,(Pp).
Define f : V(C,(R,))—>{0,1 2 ..., 5n-5}as follows:
f(v;) =5(i-1), I1<i<n; f(u)) =5i-1, 1<i <n-1;
f(w;) = 5i-3, I1<i <n-1.

Then the induced edge labels are
f*(Vivis1) = 5i-2, I1<i <n-1; f*(viui) = 51-3, I1<i <n-1;
f*(viwg) = 5i-4, 1<i <n-1; f*(Uivi+1) = 5i, I <i <n-1;
*(Wivis1) = 5i-1, 1 <i<n-1.

Clearly f is a mean labeling of C,(Py).
A mean labeling of the graph C,(Ps) is illustrated in Figure 10.

Figure 10: A mean labeling of the graph C,(Ps).
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Theorem 2.3. T,(Cy) isa mean graph for n>2, m > 3.

Proof: Let vy, vy, V3, . . ., Vi be the vertices of C, and uq, Uy, Us, .. ., Un § Wi, Wo, Ws,
vertices of T,,.
Then define g on T,(Cy,) as follows:

Case 1: whenmiseven, m=2k, k=2, 3,4,...
g(vi) =f(v), 1<i<m,
g(u) =m+3i-3, I <i<n;
g(w;)) = m+3i-1, 1 <i <n-1.
Then the induced edge labels are
g*(e) =f(ey, I <i<m; g*(Uili+1)= m=+3i-1, 1 <i <n-1;
g*(uiw;) = m+3i-2, 1 <i<n-1; g*(Wilisy) =m+3i, 1 <i <n-1.

Case 2: whenmisodd, m=2k+1,k=1,23,...
g(vi) =f(v), I <i<m;
g(u)) =m+3i-3, I <i<n;
g(w;)) = m+3i-1, 1 <i <n-1.
Then the induced edge labels are
g*(e) =f(ey, 1 <i<m; g*(uili+1) = m+3i-7, I <i<n-1,
g*(uiwi) = m+3i-2, I <i<n-1; g*(Wli+1) =m+3i, [ <i<n-1.

Clearly g is a mean labeling of T,(C,).

..., Wn1 bethe

A mean labelings of the graphs Ts(Cs) and Ts(Cs) are given in Figure 11(a) and 11(b) respectively.

11 12 14 15 17 415 20 21

Figure 11(b): A mean labeling of Ts(C).
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Theorem 2.4. The double quadrilateral snake DQ(n) is a mean graph for n > 2.

Proof: Let vy, Va, V3, . . ., Vi Ug, Up, Us, « . ., Ung; Wy, Wo, Wa, ..., Wht} S, 52,83, « - -, Sneg; b1, B, B3, - -
t,.1 be the vertices of DQ(n).

Define f :V(DQ(n)) —{0,1,2,...,7n -7} as follows:

f(vi)=7(-1), 1 <i<n; f(w) =71-5, 1 <i<n-1;

flw) =7i-3, 1 <i<n-1, f(s)) =7i—-4, 1 <i<n-1,

ftt)y=7i-1, 1 <i<n-l.

Then the induced edge labels are
f(vivier) =71=-3, 1 <i<n-1; f(vi)) =7i-6, 1 <i<n-1;
f(wiVis) =711, 1 <i<n-1; fluw) =7i—4, 1 <i<n-1;
fvis)) =7i—5, 1 <i<n-1; f(ti vis) =73, 1 <i<n-1,
f(sit) =71-2, 1 <i <n-1.

Clearly f is a mean labeling of DQ(n). ]

3 5 6 10 12 13 17 19 0 24 5 27

Figure 12: A mean labeling of DQ(4).

Theorem 2.5. The triple quadrilateral snake TQ(n) is a mean graph for n>2.

Proof: Letvi, Vo, Vs, ..., Vi; Uy, Ug, Us, - - oy Una; Wa, Wa, Wa, ..o, Wy} S, 82,83, -+ Snas b, B, B,
th1: ) Xa, X2, X3, « -+« Xn1 5 Y1, Y2, Yas - - - Yoo DE the vertices of TQ(n).
Define f :V(TQ(n)) — {0,1,2,...,10n—10} as follows:

f(v) =10(i - 1), I <i<n f(w) =10i -8 1 <i<n-1;

f(wg) = 10i — 4, 1 <i<n-1; f(s)) =10i-6, I <i <n-1;

f(t) = 10i — 1, 1 <i <n-1; f(q) = 10i -5, I <i <n-1;

fy) = 10i - 3, 1 <i <n-1.

Then the induced edge labels are

f(vivi1) = 10i = 5, 1 <i <n-1, f(viu)) =10i-9, 1 <i <n-1;
f(wi vis1) = 10i = 2, 1 <i<n-1; f(uw;) = 10i — 6, 1 <i<n-1,
f(vis)) = 10i -8, 1 <i <n-1; f(ti visy) = 105, 1 <i <n-1;

f(sit) = 10i - 3, 1 <i <n-1; f(vix)) =10i- 7, 1 <i<n-1;
f(yi vier) = 10i - 1, 1 <i<n-1; f(xiy)) =10i-4, I <i<n-1.

Clearly f is a mean labeling of TQ(n). ]
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A mean labeling of the graph TQ(3) is given in Figure 13.

5 6 ; 15 16 17 25 26 27

Figure 13: A mean labeling of TQ(3).

Theorem 2.6. The graph mC,, — snake, m > 1, n > 3 has a mean graph.

Proof: We prove this result by induction on m. Let vy, vy, ..., v, be the vertices and e, e,, ..., e, be the
edges of mC,, for / < j <m. Let f be a mean labeling of the cycle C,.

When m =1, C, is a mean graph, n > 3. Hence the result is true when m = 1.

Let m = 2. The cyclic snake 2C, is the graph obtained from 2 copies of C, by identifying the vertex

Viks+2), In the first copy of C,at a vertex v, in the second copy of C, when n = 2k+1 and identifying the

vertex V., in the first copy of C, at a vertex V, in the second copy of C, when n = 2k. Define the
mean labeling g of 2C, as follows:
ForI<i<n, g(V;)="1(v; ) a(v;,)=1(v )+n, g*(e,) =f*(e, ), g*(e,) =f(¢&)+n.
Thus, 2C,-snake is a mean graph.
Assume that mC,-snake is a mean graph for any m > /. We prove that (m+1)C,-snake is a mean
graph.
Let f be a mean labeling of mC,. We define the mean labeling g on (m+1)C, as follows:
g(vij) =f(vi )+ (-Dn I<i<n 2<j<m g(v, ) =f(v; ) +mn I <i<n
For the vertex labeling g, the induced edge labeling g* is defined as follows:
g*( g, )=t(e)+(-Dnl<is<n2<j<m; g*€ )=F(e)+mnI<i<n

Then it can be easily verified that g is a mean labeling of (m+1)C,- snake. ]

Mean labelings of 5Cg-snake and 4C;-snake are shown in Figure 14.

11 15 21 27 29

Figure 14(a): Mean labelings of 5Cs.



Many more families of mean graphs 153

19

17 24
7 1 2 18 19 25

Figure 14(b): Mean labelings of 4C.

References

[1]
2]

[3]
[4]

[5]

[6]

[7]

[8]

[9]

R. Balakrishnan and K. Ranganathan, A Text Book of Graph Theory, Springer Verlag (2000).

R. Ponraj and S. Somasundaram, Further results on mean graphs, Proceedings of
SACOEFERENCE, (2005), 443 — 448.

R. Ponraj and S. Somasundaram, Mean graphs obtained from mean graphs, Preprint.

Selvam Avadayappan and R. Vasuki, Some Results on Mean Graphs, International Journal of
Physical Sciences, 21(1)M(2009), 273 — 284.

Selvam Avadayappan and R. Vasuki, New Families of mean graphs, International Journal of
Mathematical Combinatorics, 2 (2010), 68 — 80.

Selvam Avadayappan and Muthulakshmi Karuppasamy, Meanness of Product Related Graphs,
College Sadhana, Vol.3, No0.2(2011), 147 — 150.

Selvam Avadayappan and Muthulakshmi Karuppasamy, College Sadhana, Vol.4, No.1(2011),
299 — 305.

S. Somasundaram and R. Ponraj, Mean Labelings of Graphs, NationalAcademy Science Letter,
26(2003), 210 - 213.

S. Somasundaram and R. Ponraj, Non-existence of mean labeling for a wheel, Bulletin of Pure
and Applied Sciences, (Section E Maths & Statistics) 22E, (2003), 103 — 111.

[10] S. Somasundaram and R. Ponraj, Some results on mean graphs, Pure and Applied Mathematika

Sciences, 58(2003), 29 - 35.

[11] S. Somasundaram and R. Ponraj, On Mean Graphs of Order < 5, Journal of Decision and

Mathematical Sciences, 9 No. 1 — 3(2004), 48 -58.



	Many more families of mean graphs
	Selvam Avadayappan
	R. Sinthu
	1    Introduction
	2    Main Results

